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ABSTRACT.
The definition of a projective pseudosphere is given, and the following results are proved:
( 1 ) There exists one and only one Fubini pseudosphere iff L = M =--, ß = -y = <p; ip = ip(r) (t = u + v).
(2) There exist two classes of limiting Tzitzeica-Wilczynski pseudospheres or improper affine spheres.
These pseudospheres admit, beside the first directrix or affine normal, the first Fubini principal straight line or the conjugate of the first directrix with respect to the canonical tangent and projective normal. The asymptotes of the pseudosphere are twisted cubics.
Introduction.
As a generalization of the metric definition of a sphere, E. Cartan [4] applies the term "projective sphere" to an unruled surface whose Fubini projective normal [1] passes through a fixed point. In projective differential geometry, every point of an unruled surface is associated with a pencil of straight lines projectively-connected with the surface. (These are named canonical lines or normals, and their plane is the canonical plane.) Thus there is a multiplicity of such spheres, each with its specific normal as above. The problem of determining surfaces of this kind is treated in §28 of [1] and was solved by Cech for the case of the axis passing through a fixed point. Surfaces of this kind depend generally on four constants. As regards the Fubini spheres, all that is known of them is that they depend on three arbitrary functions [1] . Wilczynski [2] was the first to study a third variant-surfaces with indeterminate directrix curves (the first directrix, subsequently characterized as a canonical line [1] , passing through a fixed point). The latter are the affine-geometry equivalent of Tzitzeica's S-surfaces, referred to by Blaschke [3] as "Affinspharen" and called here "Tzitzeica-Wilczynski surfaces". The problem was treated by J. Kaucky [5, 6] and the solution was completed recently in [7] [8] [9] .! We proved that (i) a projectively undeformable rotation surface can admit a canonical line passing through a fixed point, and (ii) a surface can admit at most two canonical lines or normals passing through fixed points. Consequently, we call projective spheres the unruled surfaces which admit one and only one normal or canonical line through a fixed point, and projective pseudospheres-those which admit two. They are determined by [8|: Supposing next that x(u,v) is an isothermal-asymptotic surface, we can set ß -i, (6 = 21og/3), whence
and by (2.8) (2.10) L-2(log/3U + 2(log/3)2 =3/3,; M -2(log/3)"" + 2(log/3)2 = 3/?". In this case it follows from Fubini's form of the integrability conditions of (2.
Taking into account (2.8) and (2.10) we have
Different values of C represent projective rotation surfaces projectively applicable among themselves. The canonical curves of a surface (i.e., its intersections with the canonical planes) are determined by the differential equation The above observation has general validity. Operating with d/du of the first and with d/dv of the second equation of (2.10), we obtain, respectively, the second and first conditions of (2.11).
To find the Fubini spheres which are projective rotation surfaces supposing C -0, we must integrate the differential equation (2.10') which now reads (2.10»)
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Denoting p = <p' and p = dp ¡dp we have by (2.10') (2.10'") pp-2^ + ^+^3=0, To every solution of (6), and to (<5'), there corresponds a Fubini sphere which is a projective rotation surface.
We shall show below that the surface represented by the solution ß = tp = 2/t is a pseudosphere, in fact the only Fubini pseudosphere in existence if C = 0. Now let C ^ 0 and p{r) be the solution of (2.10'). Setting p = <p', (2.10') yields (2.22) pp+2-^--3-ëP+-A(K-ë3) (k=\c which can be reduced to
by putting p = Tp2u. It seems that the solution cannot be expressed explicitly. Therefore we consider in that which follows only the case C = 0. Noting that 7rii = 7T22 = 0 and ß = p(r), we obtain from (2.10") and (2.6) the set
+y=o.
Our problem thus reduces to finding the common solution of this set, which evidently depends on A. We shall prove that the set admits a unique solution. Indeed, it follows from (D) by subtraction that <P'Y , l J , 3..2 (3.2) (3A+l)(^j +-^' + -^=0. For k y¿ 0 they are Tzitzeica spheres or, in affine-geometry, proper affine spheres [3] , the directrix being the affine normal. Suppose first A; ^ 0; by appropriate change of the parameters u, v, k can be set at 1. Hence Hence the second canonical line is the conjugate normal of the first directrix with respect to the projective normal and canonical tangent, and we have the following result: Limiting Tzitzeica-Wilczynski pseudospheres (or ^improper affine spheres") admit (beside the first directrix or affine normal) a second normal passing through a fixed point. The latter is readily shown to be at infinity. 2This representation was obtained by Wilczynski [2] and is repeated in [3] without credit to him.
Suppose now that the surfaces admit a G2 group of projective deformations into themselves, generated by the i.t. If the G2 group generated by the i.t. In all these cases the asymptotes are twisted cubics (see [12] ).
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